ABSTRACT
Introduction
The study on hazardous material dispersion shows that the diffusion in the atmosphere depends strongly on the meteorological scenario and boundary layer evolution. Traditionally, the advection-diffusion equation has been largely applied in operational atmospheric dispersion models to predict the mean concentration of contaminants in the Atmospheric Boundary Layer (ABL). In principle, from this equation it is possible to obtain a theoretical model of dispersion from a point source given appropriate boundary and initial conditions plus knowledge of the mean wind velocity and turbulent fluxes.
Much of the turbulent researches are related to the specification of turbulent fluxes in order to allow the solution of the averaged advection-diffusion equation: this procedure, sometimes, is called as the closure of the turbulent diffusion problem. The main scheme for closing the equation has to take into account the relationship between concentration turbulent fluxes and the gradients of the mean concentration by exchange coefficients.
A broad class of numerical solutions to the advection-diffusion equation can be encountered in the literature. Nevertheless, the search of analytical solutions for this equation has several advantages. Indeed, in the analytical solution all the influencing parameters are explicitly expressed in a mathematical closed form and conesquently sensitivity analysis over model parameters may be easily performed and, more important in order to manage alarms for fugitive hazardous emissions, air pollution model based on analytical formula run fast.
In fact, in order to model fugitive emissions, fast evaluation and relative decisions are necessary. So, fast codes are preferred and is better if they run in personal computer and can evaluate air pollution concentrations although some meteorological measures are present. Moreover, in the case of fugitive hazardous emissions, time dependent models are necessary.
Puff models are a practical approach to describe the dispersion from a time-dependent emission point source in an inhomogeneous and non-stationary ABL. Most of the operative puff models are based on the Gaussian approach (the shape of the puffs is Gaussian). Gaussian models are theoretically based upon an exact, but not realistic solution of the equation of transport and diffusion in the atmosphere, in cases where both wind and turbulent diffusion coefficients are constant with height. The solution is forced to represent real situations by means of empirical parameters, referred to as "sigma". The input parameters of the Gaussian plume model are often related to simple turbulence typing schemes or stability classes. The problem with such stability classes is that each covers a broad range of stability conditions; they are also very site specific and based towards neutral stability when unstable or convective conditions actually exist. Moreover, the shapes of puffs are not symmetric in vertical, while the Gaussian distribution is symmetric.
In fact, a distorting effect of the variation with height of the mean wind, both in speed and direction, is often evident in the development of puffs or plumes smoke. The effect is most evident in stably stratified conditions. In fact wind shear creates variance in the direction of the wind, vertical diffusion destroys this variance and tries to re-establish a non skewed distribution. The interaction between vertical mixing and velocity shear is continuously effective.
Conversely, Gaussian models are fast, simple, do not require complex meteorological input. For these reasons they are still widely employed for regulatory applications by environmental agencies all over the world. Nonetheless, because of their well known intrinsic limits, the reliability of a Gaussian model strongly depends on the way the dispersion parameters are determined on the basis of the turbulence structure of the ABL and the model's ability to reproduce experimental diffusion data. However, non-Gaussian puffs have been proposed in the literature [1] [2] [3] [4] .
In this paper we present two puff models where horizontal dispersion is Gaussian, but the vertical puff shape is non-Gaussian and it is evaluated by two different techniques that allow to obtain an analytical solution of the one-dimensional advection-diffusion equation: the GILTT (Generalized Integral Laplace Transform Technique) [5, 6] and ADMM (Advection Diffusion Multilayer Method) [7, 8] techniques.
The first one is a well-known hybrid method that had solved a wide class of direct and inverse problems mainly in the area of Heat Transfer and Fluid Mechanics and the solution is given in series form.
The second one is an analytical solution based on a discretization of the Atmospheric Boundary Layer (ABL) in sub-layers where the advection-diffusion equation is solved by the Laplace transform technique. The solution is given in integral form.
The models accept general profiles for eddy diffusivity coefficients, as well as the theoretical profiles proposed in the scientific literature, such as the vertical profiles of eddy diffusion coefficients predicted by the Similarity Theory.
Puff Models
Puff models were introduced to simulate the behaviour of pollutants in inhomogeneous and non-stationary meteorological and emission conditions [9, 10] . The emission is discretized in a temporal succession of puffs, each of which shifts into the area of calculus thanks to wind field.
Puff models assume that each emission of pollutants in a time interval t releases into the atmosphere a mass of pollutants    M Q t , where Q is the emission rate, which is variable in time. Each puff contains the mass M and its centre of mass is transported by the wind, which may vary in space and time. Continuously emitting sources can be represented by the superposition of a series of the above clouds.
The puffs considered here are emitted in time intervals 1 t and the calculation of the concentration of pollutants of each one is made in a time intervals 2 . Each puff is carried in accordance with the trajectory from its centre, which is determined for velocity vector of the local wind, while it is enlarged in the time by means of the dispersion coefficients. In particular, in our model, the vertical diffusion of the material carried in accordance with the trajectory of puff is non-Gaussian and it is described by general solutions of the following equation:
In addition,  represents the delta function, z is the vertical variable, t 0 initial time, s H the source height. In the sequel we solve problem (1) by the GILTT and ADMM approach.
The main idea of the GILTT approach consist in the expansion of the pollutant concentration in a truncated series of eigenfunctions. Replacing this expansion in the advection diffusion equation and taking moments, we come out with a first order linear matrix equation, which is then solved by the Laplace Transform technique. This procedure leads to a solution expressed in series formulation for more details see the work [6] .
The main idea of the ADMM approach relies on the discretization of the PBL in a multilayer system, where in each layer the eddy diffusivity and wind profile assume averaged values. The resulting advection-diffusion equation in each layer is then solved by the Laplace Transform technique. For more details about this methodology see the work [11] .
To construct a three-dimensional solution, we assume the Gaussian model in x and y directions for the pollutant concentration, therefore Gaussian solution reads like:
where 0   x u t , 0 and 0   y v t x , 0 are the centroid coordinates (u and v are the components of horizontal velocity of the average wind) and  x ,  y the lateral dispersion parameters [12] defined as:
where  means x and y, f  is the non-dimensional function of the travel time t T  :
where T  is the Lagrangean scale of time for the horizontal (x and y) dispersion and u   is the standard deviation of the longitudinal and lateral components of the wind speed defined as:
where * is friction velocity, k is the Von Kárman constant (k = 0.4), h is the height of the ABL and L is the Monin-Obukhov length. u
The Solution of the One-Dimensional Transient Problem by the GILTT Method
In order to solve the Equation (1), we rewritten like:
According the works [6] the solution of problem (1) is written like:
where     Replacing the Equation (9) in Equation (8) and taking moments. Thus, after we get the following first order linear matrix equation
For t > 0, with E, Y, B and F defined as:
and the B matrix is expressed by: , with
For the initial condition, the procedure is analogous and after the substitutions due and integrations we have:
In this work the transformed problem represented by Equation (10) is solved by the Laplace Transform technique and diagonalization [13] .
Thus, the final solution is given by
where  is the integration constant vector,
T is the diagonal matrix witch elements are , a is the eigenfunction matrix and are the eigenvalues of the matrix B.
The state-of-art the GILTT method can be found in [14] .
The Solution of the One-Dimensional Problem Transient by the ADMM Method
To solve the advection-diffusion Equation (1), for inhomogeneous turbulence by the ADMM method, we must take into account the dependence on the eddy diffusivities, on the height variable (variable z). To reach this goal we discretize the height h of the ABL into N sub-intervals in such manner that inside each sub-region
 
K z assume respectively the following average values:
Obviously, the greater the number o more accurate the concentration patter though the relative code running time is consequently gr f layers (N), the n calculated, aleater. Moreover, the layers in which the ABL is divided can be not constant in thickness. A more detailed description is required of wind and diffusion coefficients in proximity to the ground, where their gradients are high and more strongly influence pollutant dispersion. Therefore layers close to the terrestrial surface can be assigned a smaller thickness than those located higher up. With the division of the domain into N sub-intervals, the solution of the Equation (1) is reduced to the solution of N problems of this type:
for , where, represents the concentratio neric sub ayer. The boun initial conditions are given by:
and   e equations represented by the Equation (18) are the continuity conditions and flux at the interfaces. Namely:
Th joined by for the concentration
We apply the Laplace Transform technique in time variable in Equation (18) . We determine the solut the resulting equation, in a easy manner, using the well kn ion of ow results of second order linear differential equations with constant coefficients. Indeed, it turns out that by this procedure, the pollutant concentration in each sub-layer reads like: 
) are the integration co st n an hey are determinate by solving the linear system resulting from the application of the boundary and interfaces conditions.
More details on the ADMM approach can be found on [8] and [11] .
Finally, we would like to point out that since we succeed in the task of searching solution for the puff problem (1), we are confident to affirm that we pave the road ts, t to mitigate the previous Gaussian assumptions in the x and y directions, working out the three-dimensional advection-diffusion equation with puff source by the ADMM approach.
Once the solution for single puff is know, we claim that the puff solution reads like the summation of the contribution of all puffs emitted by the source. This procedure leads to the solution:
M c z,t H t t t (25)
for p = 1:P, where P is the total number of puffs emitted, is the mass carried out for the p th puff and  p M puff n c obtain the is th search e one-dimensional puff solution. To ed three-dimensional solution, we make the ashreesumption that the solution in the x and y directions are described by Gaussian solution. Henceforth, the t dimensional puff solution, assuming point source at 0   x y , has the form: 
where u and v are respective the wind components in the x and y directions. Here t is the time interval of the puff emission. In addition, we are the standard deviation for x set.
must recall that  x and  y and y directions [12] .
Experimental Data and Vertical Turbulence Parameterization
The performances of the present models were evaluated against experimental data of Copenhagen [12, 15] data In the Copenhagen experiment the tracer SF6 was released wi t of 115 m, and f thout buoyancy from a tower at a heigh collected at the ground-level positions at a maximum of three crosswind arcs of tracer sampling units. The sampling units were positioned, at the ground level, 2-6 km from the point of release. The site was mainly residential with a roughness length of 0.6 m. The meteorological conditions during the dispersion experiments ranged from moderately unstable to convective. We used the values of the crosswind-integrated concentrations normalized with the tracer release rate from [12] . Generally, the distributed data set contains hourly mean values of concentrations and meteorological data. However, in this model validation, we used data with a greater time resolution kindly made available by Gryning and described in [3] . In particular, we used 20 minutes averaged measured concentrations and 10 minutes averaged values for meteorological data Tables 1, 2 and 3 report the friction velocity, the Monin-Obukhov length and boundary layer height (only one value for each run), respectively, used in the simulations. The puffs considered here are emitted in time intervals t 1 = 120 s. and the calculation of the concentration of pollutants is made with a time resolution t 2 = 30 s.
In order to evaluate the performance of the puff models against experimental ground-level concentration. we have to introduce a boundary layer parameterization.
The K theory assumes that concentration turbulent luxes are proportional to the mean concentration gradient. The reliability of the K-approach strongly depends on the way the eddy diffusivity is determined on the basis of the turbulence structure of the ABL, and on the model's ability to reproduce experimental diffusion data. . h 
where L is the Monin-Obukov length.
The motivation for our choice is grounded in the fairly good results reported in [3, 18, 19] , for these parameterizations. This justification is reinforced by the comparative study of eddy-diffusivity parameterizations appearing in [20, 21] . n with data referring to continuous riable meteorology (with time resolution of
Results
We have applied the model using the Copenhagen experimental datasets [15] .
The validation has to be considered preliminary one. As a matter of fact, we have checked only two boundary layer parameterizatio emission in va 10 minutes) and in receptors points far from the source (2 -6 km). In Figure 1 the scatter diagram of the results of the two models using the Plaim and Chang eddy diffusivity profile is shown. While in Figure 2 the scatter diagram with the Degrazia et al. profile is presented.
In Table 4 some well-known statistical indices of models performances are reported. They are suggested and discussed in [22] [23] and defined in the following way: to have values near zero for the indices nmse, fb and fs, and near one in the indices r and fa2.
In Table 4 are reported the results of the statistical indices of the puff models using ADMM and GILTT, respectively, and considering the eddy diffusivity suggested by Pleim Chang [16] and Degrazia et al. [17] , respectively.
The analysis of the statistical evaluation shows a reasonable agreement between the computed values against the experimental ones, without any significant difference between the two models and the two rtical turbulence. 
Conclusions
We presented a puff model where the vertical concentra tion distribution is not Gaussian but is describe by new solutions of the advection-diffusion equation that accept eddy diffusion co any restriction in the well-known Copenhagen data set, but with greater time resolution respect to the original one. 
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